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Local cohomology modules are, in general, not ﬁnitely generated
over the ambient ring. Towards a better understanding of the struc-
ture of these modules, Huneke (1992) [Hu] asked if they have
ﬁnitely many associated prime ideals. The answer is negative. Sev-
eral authors have constructed a ring whose local cohomology mod-
ule has inﬁnitely many associated primes. In certain situations, one
can prove that a local cohomology module has inﬁnitely many
associated primes by showing that Z/pZ embeds into the local co-
homology module for each prime integer p. We show that in fact,
each ﬁnitely generated abelian group embeds into a local cohomol-
ogy module.
© 2012 Elsevier Inc. All rights reserved.
1. Introduction
Huneke [Hu, Problem 4] asked whether local cohomology modules of noetherian rings have ﬁnitely
many associated prime ideals. The answer to this is negative: Singh [Si1] constructed an example of
a hypersurface R such that H3I (R) has p-torsion elements for each prime integer p, and hence has
inﬁnitely many associated primes; see Theorem 3. For equicharacteristic as well as local rings R ,
the ﬁrst examples of local cohomology modules H jI (R) with inﬁnitely many associated primes were
constructed by Katzman [Ka]. He showed that for
R = K [s, t,u, v, x, y]
((sux− tvy)(ux− vy)) ,
the local cohomology module H2(x,y)(R) has inﬁnitely many associated primes. The rings in [Ka]
are not integral domains; subsequently, Singh and Swanson [SS] constructed families of graded
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ciated primes. For example they showed that for
R = K [r, s, t,u, v,w, x, y, z]
(su2x2 + sv2 y2 + tuxvy + rw2z2) ,
the module H3(x,y,z)(R) has inﬁnitely many associated primes. The hypersurface R is a unique factor-
ization domain that has rational singularities if K has characteristic zero, and is F-regular if K has
positive characteristic.
On the other hand, if R is a regular ring, then there are aﬃrmative answers to Huneke’s question
in several cases and, in fact, Lyubeznik has conjectured that for regular rings R , each local cohomol-
ogy module H jI (R) has ﬁnitely many associated primes, see [Ly1, Remark 3.7]. Huneke and Sharp
[HS] have proved this for regular rings R that contain a ﬁeld of prime characteristic. If R is a regular
aﬃne or local ring containing a ﬁeld of characteristic zero, Lyubeznik [Ly1] showed that each coho-
mology module H jI (R) has only ﬁnitely many associated prime ideals. The case of unramiﬁed regular
local rings of mixed characteristic was settled by Lyubeznik in [Ly2]. However, Lyubeznik’s conjecture
remains unresolved for polynomial rings over rings of integers, where p-torsion is a central issue.
2. Preliminaries
For M an R-module, the local cohomology modules H jI (M) are deﬁned as
H jI (M)
∼= lim−→
k∈N
Ext jR
(
R/Ik,M
)
,
where the maps in the direct limit system are those induced by the canonical surjections R/Ik+1 →
R/Ik . When the ideal I is generated by elements x1, . . . , xn , we have for each integer j, the isomor-
phisms
H jI (M)
∼= Hˇ j(x1, . . . , xn,M).
Here Hˇ j(x1, . . . , xn,M) denotes the Cˇech cohomology so in particular, H
j
I (R) is isomorphic to the j-th
cohomology module of the Cˇech complex
0 → R →
n⊕
i=1
Rxi →
⊕
i< j
Rxi x j → ·· · → Rx1···xn → 0.
When I = (x1, . . . , xn) is a ﬁnitely generated ideal of R then for each R-module M , one has
H jI (M) = 0 for j > n, and
HnI (M) = Mx1···xn
/ n∑
i=1
Im(Mx1···xˆi ···xn ).
This decomposition of the cohomology module in terms of localization leads us to the following
lemma which we will use for computational purposes. For completeness we will prove the lemma.
Lemma 1. Let R be a ring, and I = (x1, . . . , xn) an ideal of R. The element[
f
xm · · · xm
]1 n
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f (x1 · · · xn)k ∈
(
xm+k1 , . . . , x
m+k
n
)
R.
Proof. If there exist elements ri ∈ R with
f (x1 · · · xn)k =
n∑
i=1
rix
m+k
i ,
then
[
f
(x1 · · · xn)m
]
=
[
f (x1 · · · xn)k
(x1 · · · xn)m+k
]
=
n∑
i=1
[
rix
m+k
i
xm+k1 · · · xm+km
]
.
But then this element is zero in HnI (R), since it comes from Cˇ
n−1(x, R).
Conversely, suppose [ f
(x1···xn)m ] = 0 in HnI (R). Then the element
f
(x1 · · · xn)m ∈ Rx1···xn
lies in the image of Cˇn−1(x, R), so
f
(x1 · · · xn)m =
n∑
i=1
ri
(x1 · · · xˆi · · · xn)m+k
for some ri ∈ R and k 0. It follows that
f (x1 · · · xn)k =
n∑
i=1
rix
m+k
i in Rx1···xn ,
and hence that
f (x1 · · · xn)k+l ∈
(
xm+k+l1 , . . . , x
m+k+l
n
)
R
for some l 0. 
We record the following determinant computation from [Mu, p. 682] that we will use later.
Lemma 2. For nonnegative integers n,a,k, one has
det
∣∣∣∣∣∣∣∣∣∣
( n
a+k
) ( n
a+k+1
) · · · ( na+2k)( n
a+k−1
) ( n
a+k
) · · · ( na+2k−1)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .(n
a
) ( n
a+1
) · · · ( na+k)
∣∣∣∣∣∣∣∣∣∣
=
( n
a+k
)(n+1
a+k
) · · · (n+ka+k)(a+k
a+k
)(a+k+1
a+k
) · · · (a+2ka+k ) .
224 J. Chan / Journal of Algebra 370 (2012) 221–2323. Main results
The result below is equivalent to the statement that Z/pZ embeds into a cohomology module for
each prime integer p. In this setting we generalize the result of Singh [Si1] below.
Theorem 3. (See [Si1].) Consider the hypersurface
R = Z[u, x, v, y,w, z]
(ux+ vy + wz)
and the ideal I = (x, y, z)R. Then, for each prime integer p, the element
λp =
[
(ux)p + (vy)p + (wz)p
p(xyz)p
]
of the local cohomology module H3I (R) is p-torsion; consequently H
3
I (R) has inﬁnitely many associated prime
ideals.
For the remainder of this discussion R will denote the above hypersurface. This hypersurface has
a Z4-grading where
deg x = (1,0,0,0), degu = (−1,0,0,1),
deg y = (0,1,0,0), deg v = (0,−1,0,1),
deg z = (0,0,1,0), degw = (0,0,−1,1).
For nonnegative integers a,b, c,d, we shall prove that the graded component
[
H3I (R)
]
(−a,−b,−c,d)
of the local cohomology module is isomorphic, as an abelian group, to
[
Z[A, B]
(Aa, Bb, (A + B)c)
]
d
,
where Z[A, B] is N-graded with deg A = 1 = deg B .
We also show that for each prime integer p, the element
λp =
[
(ux)p + (vy)p + (wz)p
p(xyz)p
]
of H3I (R) is not p-divisible.
Lemma 4. The graded component
[
H3I (R)
]
(−a,−b,−c,d)
of H3I (R) vanishes unless a,b, c,d are all nonnegative; if they are all nonnegative, then it is generated, as an
abelian group, by the elements
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(ux)i(vy)d−i
xa ybzc
]
where 0 i  d.
In particular, each Z4-graded component of H3I (R) is a ﬁnitely generated abelian group.
Proof. Any element in the local cohomology module of degree (−a,−b,−c,d) is a Z-linear combina-
tion of elements of the form
[
ui v jwk
xa−i yb− j zc−k
]
where i, j,k are nonnegative and d = i + j + k. Note that
[
ui v jwk
xa−i yb− j zc−k
]
=
[
(ux)i(vy) j(wz)k
xa ybzc
]
.
Since wz = −ux− vy in R , we have
[
(ux)i(vy) j(wz)k
xa ybzc
]
= (−1)k
k∑
t=0
(
k
t
)[
(ux)i+t(vy) j+k−t
xa ybzc
]
.
From the condition j + k = d − i, the assertions follow. 
Remark 5. We contrast Lemma 4 with an example from [SW2].
Set S = Z[u, v,w, x, y, z] and J = (vz−wy,wx−uz,uy− vx). Give the ideal J homogeneous with
respect to the N4-grading where
deg x = (1,0,0,0), degu = (1,0,0,1),
deg y = (0,1,0,0), deg v = (0,1,0,1),
deg z = (0,0,1,0), degw = (0,0,1,1).
It follows that H3J (S) is Z
4-graded. It is proved in [SW2] that each nonzero Z4-graded component of
H3J (S) is a Q-vector space, and hence not a ﬁnitely generated abelian group.
Remark 6. Let S be a polynomial ring in ﬁnitely many variables over Z. It remains an open question
whether a local cohomology module H jJ (S) can have p-torsion for inﬁnitely many prime integers p.
However, given ﬁnitely many primes p1, . . . , pk , [SW1, Example 5.11] shows that there exists a poly-
nomial ring S = Z[x1, . . . , xn], with a monomial ideal J , such that Hn−2J (S) has prime torsion precisely
for the prime integers p1, . . . , pk . The module H
n−2
J (S) has a Z
n-grading, since J is a monomial ideal.
We now return to the study of the module H3I (R) as in Theorem 3.
Theorem 7. For nonnegative integers a,b, c,d, the graded component
[
H3I (R)
]
(−a,−b,−c,d)
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Z[A, B]
(Aa, Bb, (A + B)c)
]
d
.
Proof. This is surjective by Lemma 4. Note that Z[A, B]d is a free abelian group on the generators
Ai Bd−i for 0 i  d. Consider the group homomorphism
θ : Z[A, B]d →
[
H3I (R)
]
(−a,−b−c,d) where
Ai Bd−i →
[
(ux)i(vy)d−i
xa ybzc
]
.
Suppose
∑d
i=0 ri Ai Bd−i belongs to ker θ , where ri ∈ Z. Then
d∑
i=0
ri
[
(ux)i(vy)d−i
xa ybzc
]
= 0,
which, by Lemma 1 implies that
d∑
i=0
ri(ux)
i(vy)d−i(xyz)N ∈ (xa+N , yb+N , zc+N)R
for some integer N  0. Thus, there exist homogeneous elements f , g,h in R with
d∑
i=0
ri(ux)
i(vy)d−i(xyz)N = f xa+N + gyb+N + hzc+N .
Since the left hand side of this equation has degree (N,N,N,d), it follows that f , g , and h are,
respectively, multiples of ua yN zN , vbxN zN , and wcxN zN . Hence
d∑
i=0
ri(ux)
i(vy)d−i(xyz)N = (xyz)N(F (ux)a + G(vy)b + H(wz)c),
where F , G , and H , have degrees (0,0,0,d − a), (0,0,0,d − b), and (0,0,0,d − c), respectively. Since
R is a domain, it follows that
d∑
i=0
ri(ux)
i(vy)d−i = (F (ux)a + G(vy)b + H(wz)c).
Note that the elements F ,G, H,ux, vy,wz belong to the subring
⊕
k0
[R](0,0,0,k)
of R , which is an N-graded ring isomorphic to
Z[A, B,C]/(A + B + C),
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d∑
i=0
ri A
i Bd−i ∈ (Aa, Bb, (A + B)c),
which shows that θ induces an injective map[
Z[A, B]
(Aa, Bb, (A + B)c)
]
d
→ [H3I (R)](−a,−b,−c,d). 
We are now ready to construct arbitrary n-torsion elements:
Corollary 8. For each positive integer n, the element
[
un−1v
xyzn
]
of the local cohomology module H3I (R) is n-torsion.
Proof. The binomial expansion of (A + B)n gives the isomorphism:[
Z[A, B]
(An, B2, (A + B)n)
]
n
=
[
Z[A, B]
(An, B2,nAn−1B)
]
n
.
By Theorem 7 the assertion follows since the image of An−1B is n-torsion in[
Z[A, B]
(An, B2,nAn−1B)
]
n
. 
Theorem 9. For each prime integer p, the graded component[
H3I (R)
]
(−p,−p,−p,p)
of the local cohomology module H3I (R) is isomorphic, as an abelian group, to
Zp−2 ⊕Z/pZ.
Proof. Theorem 7 implies that
[
H3I (R)
]
(−p,−p,−p,p) ∼=
[
Z[A, B]
(Ap, Bp, (A + B)p)
]
p
.
The group on the right hand side has p − 1 generators, namely
ABp−1, A2Bp−2, . . . , Ap−1B,
and one relation, namely
p−1∑(p
i
)
Ai Bp−i .i=1
228 J. Chan / Journal of Algebra 370 (2012) 221–232Hence
[
H3I (R)
]
(−p,−p,−p,p) ∼=
Zp−1((p
1
)
,
(p
2
)
, . . . ,
( p
p−1
)) .
Since the greatest common divisor of the binomial coeﬃcients
(p
i
)
with 1 i  p − 1 is p, it follows
that
[
H3I (R)
]
(−p,−p,−p,p) ∼= Zp−2 ⊕Z/pZ. 
Remark 10. The element
λp =
[
(ux)p + (vy)p + (wz)p
p(xyz)p
]
considered by Singh in Theorem 3 has degree (−p,−p,−p, p). By the previous theorem, it follows
that the p-torsion component of
[
H3I (R)
]
(−p,−p,−p,p)
is spanned by λp . It also follows that λp is a p-torsion element that is not p-divisible.
We next use Theorem 7 to determine the group structure of the graded components of H3I (R), and
provide presentation matrices. Since the computation is symmetric in a,b, c, we assume that these
are ordered as a b  c.
Theorem 11. Assume that a b c.
(1) If a + b d + 1, then [H3I (R)](−a,−b,−c,d) is zero.
(2) If a + b  d + 2 and c > d, then [H3I (R)](−a,−b,−c,d) is a torsion-free abelian group, and its rank is given
by
rank
[
H3I (R)
]
(−a,−b,−c,d) =
{d + 1 if d < a,
a if a d < b,
a + b − d − 1 if a b d.
(3) If a + b d + 2 and c  d, then [H3I (R)](−a,−b,−c,d) has presentation matrix
⎛
⎜⎜⎜⎜⎝
( c
c−b+1
) ( c
c−b+2
) · · · ( cc+a−d−1)( c
c−b+2
) ( c
c−b+3
) · · · ( cc+a−d)
...
...
...
...( c
d−b+1
) ( c
d−b+2
) · · · ( ca−1)
⎞
⎟⎟⎟⎟⎠ .
Proof. (1) If a + b  d + 1, then
[
Z[A, B]
(Aa, Bb)
]
= 0,d
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[
H3I (R)
]
(−a,−b,−c,d) =
[
Z[A, B]
(Aa, Bb, (A + B)c)
]
d
= 0.
(2) Since c > d, the graded component in question is isomorphic to
[
Z[A, B]
(Aa, Bb, (A + B)c)
]
d
=
[
Z[A, B]
(Aa, Bb)
]
d
,
A count of the nonzero monomials gives the desired result.
(3) The generators
Ad−b+1Bb−1, Ad−b+2Bb−2, . . . , Aa−1Bd−a+1
correspond to the a + b − d − 1 columns of the presentation matrix, and the rows correspond to the
d − c + 1 relations
(A + B)c Ad−c
(A + B)c Ad−c−1B
...
(A + B)c Bd−c .
Taking binomial expansions of the above elements, one arrives at the entries of the presentation
matrix. 
Example 12. The presentation matrix for [H3I (R)](−4,−4−4,5) is
((4
1
) (4
2
)
(4
2
) (4
3
))= (4 6
6 4
)
,
which is equivalent, after elementary row and column operations, to
(
2 0
0 10
)
.
It follows that
[
H3I (R)
]
(−4,−4−4,5) ∼= Z/2Z⊕Z/10Z.
As generators for the 2-torsion subgroup Z/2Z⊕Z/2Z, we may choose
2
[
(ux)2(vy)3
(xyz)4
]
+ 3
[
(ux)3(vy)2
(xyz)4
]
and 3
[
(ux)2(vy)3
(xyz)4
]
+ 2
[
(ux)3(vy)2
(xyz)4
]
.
Remark 13. Suppose 1 a  b  c  d and a + b + c = 2d + 2. Then [H3I (R)](−a,−b,−c,d) is presented
by the square matrix:
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⎛
⎜⎜⎜⎜⎝
( c
c−b+1
) ( c
c−b+2
) · · · ( cd−b+1)( c
c−b+2
) ( c
c−b+3
) · · · ( cd−b+2)
...
...
...
...( c
d−b+1
) ( c
d−b+2
) · · · ( ca−1)
⎞
⎟⎟⎟⎟⎠ .
The determinant of M is nonzero by Lemma 2. Consider the exact sequence
Zd−c+1 → Zd−c+1 → [H3I (R)](−a,−b,−c,d) → 0,
where the map Zd−c+1 → Zd−c+1 is given by M . We tensor with Q to get
Qd−c+1 →Qd−c+1 → [H3I (R)](−a,−b,−c,d) ⊗Z Q→ 0.
Since the matrix M is invertible over Q, we see that
[
H3I (R)
]
(−a,−b,−c,d) ⊗Z Q= 0,
i.e., that every element of [H3I (R)](−a,−b,−c,d) is a torsion element.
4. Embedding groups into H3I (R)
We conclude by showing that every ﬁnitely generated abelian group embeds into a single graded
component of the local cohomology module H3I (R); the hypersurface R and ideal I are as in Theo-
rem 3. We prove this by studying the presentation matrix of Theorem 11. In this setting the entries
of the matrix will be integers. We will need Lemma 14 below which we will prove.
Let A and B be m × n matrices with integer entries. We say A and B are equivalent if there exist
matrices M ∈ GLm(Z) and N ∈ GLn(Z) with B = MAN . Note that A and B are equivalent precisely if
they are presentation matrices for isomorphic abelian groups.
Lemma 14. Every m×n matrix A with integer entries is equivalent to one where all the nonzero entries occur
on the main diagonal.
Fix a nonzero integer q. If each entry of A is a multiple of q, then A is equivalent to a matrix where all the
nonzero entries occur on the main diagonal, and are multiples of q.
Proof. We perform elementary row and column operations on A that consist of permuting rows (or
columns) and adding a multiple of a row (or column) to another; an elementary row operation may
be performed by left-multiplication by an invertible matrix, and an elementary column operation by
right-multiplication by an invertible matrix. Thus, these preserve the equivalence class of a matrix.
Let A = (aij), and use the Euclidean algorithm over Z, perform elementary row and column op-
erations on A until one obtains a nonzero entry a11 with |a11| as small as possible. It then follows
that a11 divides each entry in the ﬁrst row and in the ﬁrst column. Thus, one may perform further
elementary row and column operations to obtain an equivalent matrix of the form
⎛
⎜⎜⎝
a11 0 0 · · · 0
0 a22 a23 · · · a2n
...
...
...
...
...
0 am2 am3 · · · amn
⎞
⎟⎟⎠ .
We now repeat this process with the lower right m − 1× n − 1 matrix.
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column operations, and hence the resulting matrix has multiples of q along the main diagonal, and
zero entries elsewhere. 
Theorem 15. Each ﬁnitely generated abelian group embeds into a graded component of the local cohomology
module H3I (R).
Proof. Given a ﬁnitely generated abelian group
Zt ⊕ Z
q1Z
⊕ · · · ⊕ Z
qnZ
,
set q =∏ni=1 qi . The group above is a subgroup of
Zt ⊕
(
Z
qZ
)n
,
so it suﬃces to determine a graded component [H3I (R)](−a,−b,−c,d) with an embedding
Zt ⊕
(
Z
qZ
)n
↪→ [H3I (R)](−a,−b,−c,d)
If n = 0, take a = b = c = t , and d = t − 1. Theorem 11 implies that [H3I (R)](−a,−b,−c,d) is a free
abelian group of rank t .
Now suppose n 1. Set
a = 2n + t, b = c = (2n + t − 1)!q, and d = n + c − 1.
By Theorem 11, the presentation matrix for [H3I (R)](−a,−b,−c,d) is⎛
⎜⎜⎜⎜⎝
(c
1
) (c
2
) · · · ( cn+t)(c
2
) (c
3
) · · · ( cn+t+1)
...
...
...
...(c
n
) ( c
n+1
) · · · ( c2n+t−1)
⎞
⎟⎟⎟⎟⎠ .
We claim that the entries in the presentation matrix are all integer multiples of q. This follows since
these entries are (
c
k
)
=
(
c − 1
k − 1
)
c
k
= q
(
c − 1
k − 1
)
(2n + t − 1)!
k
,
where 1 k 2n + t − 1.
The matrix has n rows and n + t columns, and the ﬁrst n columns are linearly independent by
Lemma 2; thus, the matrix has rank n. By Lemma 14, the presentation matrix is equivalent to a
matrix of the form ⎛
⎜⎜⎜⎜⎝
qd1 0 0 · · · 0 0 · · · 0
0 qd2 0 · · · 0 0 · · · 0
0 0 qd3 · · · 0 0 · · · 0
...
...
...
...
...
...
⎞
⎟⎟⎟⎟⎠ .0 0 0 · · · qdn 0 · · · 0
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[
H3I (R)
]
(−a,−b,−c,d) ∼= Zt ⊕
Z
qd1Z
⊕ · · · ⊕ Z
qdnZ
,
which contains an isomorphic copy of
Zt ⊕
(
Z
qZ
)n
.
We have thus shown that every ﬁnitely generated abelian group embeds into a single graded compo-
nent of the local cohomology module H3I (R). 
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